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Initialization.

In[1:= Needs["mathStatica " ]
FancyMatrix[ OFf ]
Super Log[On]

FancyMatrix is now O f.

Super Log is now On.

Options.

Inf4]:= SetOptions[Plot, Axes-False, Frane-True, |mageSize - 400];
Set Options[ListPlot, Axes - False, Franme- True, |nmageSi ze - 400 ];
Set Opt i ons[ Parametri cPl ot, Axes - Fal se, Frame - True, |mgeSi ze » 400, AspectRatio - Gol denRati o™ ];

Packages.
In[7:= Needs[ "Ml tivariateStatistics " ]

In[gl:= ?Mul tinormal Di stribution

MultinormalDistribution [ 4, Z] represents a multivariate
normal (Gaussian) distribution with mean vector p and covariance matrix X. >

Functions.

hessianH[ f_, x_List?VectorQ ]

In@]:= C earAll [ hessianH]
hessianH[ f_, x_List?VectorQ] :=D[f, {x, 2}]
?hessi anH

d obal " hessi anH

hessianH[f_, x_List ?VectorQ] : = D[f, {x, 2}]

in[12:= hessianH[ p®>q* {p, q}]

oufiz= {{29% 4pa}, {4pa, 2p°}}

in[13]= Hessian[p®qg? {p, q}] (» The mathStatica Hessian function x)

ourz= {{29% 4paq}, {4pa, 2p?}}

restrictedParameters[ allParamsPointEstimates_, cvm__]

In[14]:= ClearAl'l [restrictedParaneters ]
restrict edPararreters[aI | Par anmsPoi nt Esti mates_, cvm_] :=Mdule[{n, rns}, n=1;
Wi | e[True, (rns =RandonReal [Miul ti normal Di stribution[all ParanmsPoi nt Esti mates, cvm]];
If[rns[1] >0&&rns[2] >0, Break[]]1); n++]; rns]
?restrictedParaneters
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d obal “restrictedParaneters

restrictedParaneters [al | ParansPoi nt Esti mates_, cvm_ ] : = Module[{n, rns}, n=1;
VWil e[True, (rns = RandonReal [Mul tinornal Di stribution [al | ParansPoi nt Esti mates, cvm]];
If[rns[1] >0&&rns[2] >0, Break[]]); n++]; rns]

varCovarMatrixtoCorrMatrix[ cvm_]

In[17]:= ClearA| [ var Covar Matri xt oCorrMatrix ]

cvm

4/ Di agonal [ cvm] ]
—\/ Di agonal [ cvm]

Transpose

var Covar MatrixtoCorrMatrix[cvm | := Tr anspose[

]

?var Covar Mat ri xt oCorr Matri x

d obal “var Covar Matri xt oCorr Matri x

Transpose { evm ]

. . +/ Di agonal [cvm]
var Covar Matri xtoCorrMatri x [cvm_] : = Transpose [ }
Di agonal [cvm]

inf20]= testMat = {{o1? pl20l02, pl30olo3}, {pl20l 02, 02% p23 0203}, {p130l o3, p23 0203, 03%}};
% // MatrixForm

Out[21]//MatrixForm=
o012 012 0l 02 pl3 0l o3
012 ol 02 022 023 02 03
013 01 63 023 02 63 03?2

In[22]:= var Covar Matri xtoCorrMatrix[testMat ] /. {1/1’2_2 -»1/2} // MatrixForm

Out[22]//MatrixForm=

1 p12 pl13
pl2 1 p23
013 p23 1

distance[ {{x1 ,y1 },{x2_,y2 }}]

In[23]:= ClearAll [ distance ]

distance[ {{x1_, y1_}, {x2_, y2_}}] := \/ (X1 -x2)2 + (yl -y2)?
?di stance

A obal " di stance

distance [{{x1_, y1_ }, {x2_, y2_}}]:-= \/(xl—x2)2+ (yl-y2)?2

circumCircleRadius[ {{x1_,y1 },{x2_,y2 },{x3_,y3 }}]

In[26]:= ClearAll [ circunGircl eRadius ]
ci rcunCircl eRadi us[ {{xl_, yl_}, {x2_, y2_}, {x3_, y3_}} ] D=

1
E«/((((xl—xZ)2 + (y1-y2)2) ((x1-x3)2+ (y1-y3)?) ((x2-x3)2+ (y2-y3)?))/

(X3 (-y1 +y2) +x2 (yl-y3) +x1 (-y2 +y3))?)
?circunCircl eRadi us
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A obal “circunCircl eRadi us

circunCircleRadius [{{x1_, y1 }, {x2_, y2_3}, {x3_, y3_}}]:=

1 ((x1-x2)2+ (y1-y2)?) ((x1-x3)2+(y1l-y3)?) ((x2-x3)2+(y2-y3)?)
2 (X3 (-y1l+y2)+x2 (y1-y3)+x1 (-y2+y3))?

emptyQ[center_, alpha_, plist_]

In29]:= (*Mai n function def %)
(x0 for interior bar,1 for boundary bar,2 for bar to be erasedx)

This function determines whether any points in the list "pList" are inside a circle centre "center" and radius "alpha".
If not, it returns True, i.e., the circle is empty of points in "pList".

In[30;:= ClearAl [enptyQ];
enptyQ[center_, al pha_, plist_]:=Mdule[
{enpty =True, n=1},
Whil e[enpty & n < Length[plist], enpty = Norm[plist[n] - center] >al pha; n++];
enpty]
?enptyQ

d obal “enptyQ

enptyQ(center_, alpha_, plist_] :=Mdule[{enpty = True, n=1},

VWil e[enpty & n < Length [plist ], enpty = Norm[plist [n] -center] >al pha; n++]; enpty]

functionAlphalalpha_, plist_, {id1_, id2_}]

In[33):= ClearAll [functionAl phal;
functi onAl phafal pha_, plist_, {idl_, id2_}]:=NMdulef

{pl =plist[idl], p2=plist[id2], centerl, center2, | half, centerlenptyQ center2enptyQ property},

Ihal f =Norm[p2 - pl]/2; (* the 1/2 length of the edge {pl, p2} =*)
centerl= (p2+pl)/2+Sqgrt[(alpha/lhalf)”2-17 {{0, -1}, {1, O0}}. ((P2 -pl)/2);
center2=(p2+pl)/2+Sgrt [(al pha/slhalf)y”~r2-17 {{0, 1}, {-1, O0}}. ((P2-pl)/2);
(» check that no other points are inside the circles at centrel and centre2 x)
centerlenptyQ=enptyQ[centerl, al pha, Delete[plist, {{idl}, {id2}}11;
center2enptyQ=enptyQ[center?2, al pha, Delete[plist, {{idl}, {id2}}11;
(» assign 0 or 1 or 2 according to
"0 for interior bar,1 for boundary bar,2 for bar to be erased”,
L, *)
Whi ch[centerlenptyQA center2enptyQ 2, (! centerlenptyQ A (! center2enptyQ),
0, (centerlenptyQA (! center2enptyQ)) V ((! centerlenptyQ) A center2enptyQ, 1]
(*+ Print [propertyl];
Show[Gr aphi cs[{Red, Circl e[centerl, al pha], Circl e[center?2, al phal}],
Li st Pl ot [plist,AspectRatio-1 1 1 %)
1 /; al pha > Norm[pli st [i d1] - pli st [i d2]]1/2
functionAl phafal pha_, plist_, {idl_, id2_}]:=2/; al pha<Norm[plist[idl] -plist[id2]]1/2
?functi onAl pha
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d obal " functionAl pha

functionAl phafal pha_, plist_, {idl_, id2_}]:=
Modul e | {pl = plist [idl], p2 =plist[id2], centerl, center2,
I hal f, centerlenptyQ, center2enptyQ, property},

" 2 _
Ihalf = 2 Normp2 - p1]; center1 = P2P . (f"hzlhf) -1 ({0, -1}, {1, 0}). 2P%,

2
center2 =

p2+pl ( al pha

p2-pl |
2 I'hal f -1 ({0, 13, {-1, 03}.

2

centerlenptyQ = enptyQ[centerl, al pha, Delete[plist, {{idl}, {id2}}]];
center2enptyQ = enptyQ[center2, al pha, Delete[plist, {{idl}, {id2}}]];
Whi ch [center lenpt yQ&&cent er 2enptyQ, 2, ! centerlenmptyQ&_& ! center2emptyQ, O,

(centerlenptyQ&& ! center2enptyQ) || (! centerlenptyQ&&center2enptyQ), 1]/ /;
al pha > - Normipl i st [i d1] - pl i st [i d2]]

functionAl pha[al pha_, plist_, {idl_, id2_}]:=2/; alpha < % Nor m[pl i st [i d1] - plist [id2]]

pointSetDiameterFunction[data_ ]

In[37;:= Cl ear Al l [ poi nt Set Di anet er Functi on ]
poi nt Set Di anet er Functi on [dat a_] := Modul e[ {convexhul |, all ConvexHul | Pairs},
convexhul | = ConvexHul | [ data ];

al | ConvexHul | Pairs = Map[ (data[#]) & Flatten[ Quter [List, convexhull, convexhull 1, 11]T7;
Max [ Map[ di stance, all ConvexHullPairs ] ]
]
? poi nt Set Di anet er Functi on

d obal " poi nt Set Di anet er Functi on

poi nt Set Di anet er Function [data_] : =
Modul e [ {convexhul | , al | ConvexHul | Pairs }, convexhull = ConvexHull [data];

al | ConvexHul | Pairs = (data[#l] &) /@Fl atten[Quter [List, convexhull, convexhull ], 17;
Max [di stance /@al | ConvexHul | Pairs ]]
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Abstract.

This Mathematica 7 Notebook develops a novel regression method applied to bivariate data on a bounded space (we will work in the
canonical {0,1}x{0,1} space). This approach was developed by [Moffiet, 2008] in the context of analysis of satellite remote sensing data.
A distinguishing feature of the development presented here is that the X and Y variables are treated with complete symmetry; neither
variable takes dependent or independent roles. The fitted "regression line", which we call a Lineal Basis, is described parametrically,
ie,as {X=X[s, ..., y=¥{s, ... }}, with 0 = s < 1 and the constraints {X[ 0, ... ], Y[ O, ... } ={0, Oy and {X[ 1, ... ], Y[ 1, ... ]} = {1, 1},
rather than conventionally as Y =f[ x, ... Jwithff0] =0 and f{ 1 ] = 1 (ellipsis ... denotes parameters).

This Lineal Basis is fitted to the data according to a model in which for each observed data point {x;, y;} there is a corresponding
"generating" point {X;, Y;}, which lies on the Lineal Basis. The difference vector between an {X;, Y;} and its corresponding {x;, y;}is
modelled as a sample from a bivariate distribution which here is taken as a product of two independent Beta[ «, 8] distributions, using
the notation Beta[ aX, fX ]xBeta[ aY, BY ]. Further, we will allow X, X, aY, and BY to vary with s, i.e., we have four functions X[ s, ...
1. BX[s, ...1, aY[s, ... ],and BY[s, ... ].

Since the mean of the Beta[ a, 8] distribution is a / (o + B), the parameters of these four function must be such that for a given s, the
joint Beta-Beta mean point {aX[s, ... ]/ (aX[s, ... ] + BX[s, ... ]), @Y[s, ... ]/ (aY[s, ... ] + BY[ s, ... ]) lies on the Lineal Basis. It turns
out that simple linear functions suffice to fit many of the data sets typically encountered in these bounded spaces.

Interesting computational issues arise when constructing the "mean prediction region" and the"single prediction region" for a Lineal
Basis model, analogous to the "mean prediction bands" and the"single prediction bands" of simple linear regression. Concepts from
computational geometry are employed, and in particular the logic of a key calculation is verified via a Mani pul ate[] (Appendix 1).

Section 1 - Data Setup.

The "Get Coordinates" menu item in the dropdown menu resulting from a right-click on any graphic is an easy way to generate the list
of {x,y} coordinate pairs of a constructed set of points.

We set up the canonical fully bounded space in a simple plot, so that with "Get Coordinates" the coordinates of datasets of various
shapes and sizes to be generated quickly and easily.

Inj40):= ListPlot[ {{0, O}, {1, 1}},
FraneLabel -» {Style["X", 10, FontFamily »"Times" ], Style["Y", 10, FontFam |y -»"Tines" 1} ];
Label ed[ %, Stylel" Figure 1. The Canoni cal Bounded X-Y Space",
13, FontFam |y - "Book Antiqua"] ]

10F' .

0.8+ B

0.6+ B

out[41]=

0.4+ B

02+ B

00+ | | | | L
0.0 0.2 0.4 0.6 0.8 1.0
X

Figure 1. The Canonical Bounded X-Y Space

We will use the following data set in our development of Lineal Basis modelling.
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In[42]:= data = {{0.01866, 0.01223}, {0.003469, 0.03738}, {0.01562, 0.07261}, {0.03992, 0.08267}, {0.03992, 0.133}, {0.04904, 0.1581}
{0.046, 0.2236}, {0.1159, 0.2236}, {0.08549, 0.2839}, {0.1311, 0.3645}, {0.1432, 0.3594}, {0.1736, 0.4097}
{0.1705, 0.455), {0.2343, 0.45}, {0.2252, 0.5053}, {0.2556, 0.5557}, {0.2799, 0.5557}, {0.2921, 0.5104}, {0.3285, O0.5255}
{0.3073, 0.5959}, {0.3467, 0.6311}, {0.3771, 0.5959}, {0.365, 0.6462}, {0.4166, 0.6966), {0.4136, 0.6311}, {0.4348, 0.6462}
{0.45, 0.7519}, {0.4652, 0.7519}, {(0.4865, 0.7922), {0.5017, 0.7318), {0.5351, 0.7318}, {0.5533, 0.7871}, {(0.611, 0.8123}
{0.5624, 0.8978}, {0.5898, 0.8475), {0.6171, 0.7871}, {0.6475, 0.7871}, {0.6505, 0.8324}, {(0.6991, 0.8324}
(0.6748, 0.8727), {0.7599, 0.8878), {0.7234, 0.8878}, {0.7356, 0.9381}, {0.7508, 0.8727}, {0.769, 0.8777}
(0.8024, 0.8978), {0.8085, 0.918}, {0.8328, 0.8978), (0.8419, 0.9129}, {0.8753, 0.9381), {(0.8905, 0.9532}
{0.9057, 0.9582}, {0.927, 0.9632}, {0.9482, 0.9381}, {0.9634, 0.9481}, {0.9452, 0.9733}, {0.5928, 0.7418}, {0.526, 0.6815},
{0.4926, 0.616}, {0.4227, 0.5657}, {0.3285, 0.4802}, {(0.2283, 0.3594}, {0.1827, 0.3292}, {0.125, 0.294}, {0.1341, 0.4248}
{0.1979, 0.5053}, {0.2404, 0.6211}, {0.2617, 0.6865}, {0.3194, 0.7318), {0.371, 0.762}, {0.4348, 0.8073}, {(0.4926, 0.8173}
{0.5199, 0.8223}, {0.3164, 0.6815), {0.289, 0.6211}, {(0.6201, 0.8878}, {0.6384, 0.9029}, {0.7751, 0.933}} // Sort;

We store the size of the dataset in a variable for the later convenience in the calculation of degrees of freedom:

nPoi nt s

In[43]:= Length[ data ]

Out[43]= 78

Here is our development data set:

In[44):= dataPlot = ListPlot[data,
FraneLabel -» {Style["X", 10, FontFamily »"Tinmes" ], Style["Y", 10, FontFam |y -»"Tines" 1}1]
Label ed[ %, Stylel[" Figure 2. The Devel oprent Dataset”, 13, FontFanmily - "Book Antiqua"] ]
10FT T T
0.8 ° : ‘ . .. . T
0.6 * % . ° -
> = o o . . i
out[45]= I . ¢ I
ut[45] 04l . J
o2 ° ° -
00 : | | | | ]
0.0 0.2 0.4 0.6 0.8
X

Figure 2. The Development Dataset
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Section 2 - Modelling.

Introduction.

The essential feature of Lineal Basis modelling is that the treatment of the X and Y variables is completely symmetric. In orthodox
linear regression, X and Y take the roles of an independent and a dependent variable respectively, the measurements of X are
assumed to be without "noise" or "error", and in the case of simple linear regression for an observed data point {X, Y} the Y observation
is modelled as a random sample from a Normal distribution N[ a X + b, o ], where the mean is specified as the linear function a X + b of
the abscissa X, with standard deviation o that is constant for all relevant values of X (the "homoscedastic" assumption).

In Lineal Basis modelling, the underlying relationship between X and Y is modelled by a parametric form where a general point on the
Lineal Basis—which will plot as a smooth curve from {0,0} to {1,1} in the canonical bounded space—is given as {X[ s, ... ], Y[s, ... I},
with s ranging from 0 to 1, similar to the way for example a curve is specified when being plotted by Mathematica's Par anetri cPl ot [ ]
function.

A critical feature of Lineal Basis modelling is that, whereas in simple linear regression the "noise" or "error" is typically modelled by a
univariate Normal distribution, here the "noise" or "error"—we call it the "observation" error—is modelled by a bivariate distribution. For
this development the bivariate distribution is a product of two independent Beta distributions, i.e., a Beta-Beta distribution. For each
observed data point we assume there is a corresponding "generating” point, and the observed data point is a random sample from a
Beta-Beta whose mean—the corresponding "generating" point—lies somewhere on the Lineal Basis. Further, we will assume that,
writing the bivariate distribution more fully as

Beta[ ay, Sx ]xBeta[ ay, By 1,
the ay, Bx, ay, and By are all function of s (and other parameters), so that a more complete form for the Beta-Beta distribution is

Beta[ ax[s, ... 1, Bx[S, ... ]]xBeta[ ay[s, ... 1, By[S, ... ]], the ellipsis ... denoting other parameters.

Since the mean of the Beta[ «, 8] distribution is , and the joint mean of the Beta-Beta must be {0,0} when s=0 and {1,1} when s=1,

a
a+p

the functions ax[s, ... 1, Bx[S, -.- ], ayls, ... ], and By[s, ... ] are constrained such that:

M) ax[0, .1/ (ax[0, .1+ Bx[0, ...])=0,and ay[1, ... 1/ (ay[L, ...]1+ By[1, ...])=0; and
@) ax[L .1/ (ax[L .1+ Bx[L .. =1 anday[1, .1/ (ay[1, .1+ By[1, .. =1.

In developing Lineal Basis modelling we have found that these requirements can be met most simply with linear functions of the form
ax[s, ...1=as, Bx[s, ...1=b(1-8), ay[s, ...]=cs,and By[s, ...]=d (1-5).

The two resulting mean expressions are then

as cs
an .
as+b(1-s) cs+d(1-5)

We see immediately that we can for example divide though the first expression by b and the second expression by d, showing that
each expression has only one free parameter. For simplicity we will rewrite these expressions by setting b and d both to 1. Failure to
notice the essential one-free-parameter form of these expressions, i.e., attempts to obtain absolute values of a, b, ¢, and d leads to
numerical instabilities warning of the ill-conditioning of the problem of fitting the 4 parameters.

The complete Lineal Basis model thus requires, for N data points, the determination of parameters a and c—jointly governing the
shape of the Lineal Basis—and N parameters s; that determine the positions on the Lineal Basis of the N "generating" points. Note that
we are thus employing 2 N data values (N coordinate pairs) to fit N+2 parameters, so the problem is comfortably over-determined.

Lineal Basis Model Setup.

This constructs an indexed list of (N=78) s parameters:
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In[46]:= sParams = Array[s, nPoints ]

out[46]= {s[1], s[2], s(3], s[4], s[5], s[6], s[7], s[8], s[9], s[10], s[11], s[12], s[13],
s[14], s[15], s[16], s[17], s[18], s[19], s[20], s[21], s[22], s[23], s[24], s[25], s[26]
s[27], s[28], s[29], s[30], s[31], s[32], s[33], s[34], s[35], s[36], s[37], s[38], s[39]
s[40], s[41], s[42], s[43], s[44)], s[45], s[46], s[47], s[48], s[49], s[50], s[51l], s[52]
s[53], s[54], s[55], s[56], s[b7], s[58], s[59], s[60], s[61], s[62], s[63], s[64], s[65]
s[66], s[67], s[68], s[69], s[70], s[71], s[72], s[73], s[74], s[75], s[76], S[77], S[78]}

We will need a list of all the parameters to be fitted:
In[47):= al | Paranms = {a, c}~Joi n~sParans;
% // Short

Out[48]//Short=
{a, ¢, s[1], s[2], s[3], s[4], s[5], s[6], s[7], s[8], <<60>,
s[69], s[70], s[71], s[72], s[73], s[74], s[75], s[76], s[77], s[78]}

Here we construct the one-parameter form of the expression for the mean of the X-component of the Beta-Beta distributions:

as
Inf49);= —— /. {b>1}
as + b (1-5s)
as
out[49 ———
l-s+as

This form has the required properties, i.e., it is 0 at s=0 and 1 at s=1:

as as
In[50]:= {— /. {b>1, s-0}, —— /. {b-1l, s—»l}}
as + b (1-59) as + b (1-5s)

out[s0]= {0, 1}

By mapping the appropriate pure function over the indexed list of s parameters we get a list of symbolic modelled X-coordinates of the
N "generating" points:

as
In[51:= Xnodel | ed = Map[ &, sParans ];
l-#+a#

% // Short

Out[52]//Short=
as[l] as[2] as[77] as[78]
{ s , <<74>, ) }
l1-s[l]+as[l] 1-s[2] +as[2] 1-s[77] +as[77] 1-s[78] +as[78]

We now construct the one-parameter form of the expression for the mean of the Y-component of the Beta-Beta distributions:

Ccs
In[53= — /. {d>1}
cs +d(l-5s)
cs
ou53] ————
l-s+cs

This form also has the required properties:

cs cs
In[54]:= {— /. {d-1, s-»0}, —— /. {d>1, s—»l}}
cs +d(l-5s) cs +d(1l-5s)

out[54]= {0, 1}

Again mapping the appropriate pure function over the indexed list of s parameters we get a list of symbolic modelled Y-coordinates of
the N "generating" points:
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cH
In[55):= Ynodel | ed = Map[ &, sParans ];
l-#+CcH

% // Short

Out[56]//Short=
cs[l] cs[2] CcSs[77] cs[78]
{ s , <<T4>, s }
1-s[1]+cs[l] 1-s[2]+cCcsS[2] 1-s[77] +cs[77] 1-s[78] +Ccs[78]

Given the unusual form of our model, we will proceed to fit it to the development data by finding the values of a, c, and the s; parame-
ters such that the value of an expression which can be conveniently referred to as the total sum-of-squared-errors is minimized.

It is most important to note at this point that, in the fully Bayesian context, this model is fitted using MCMC methods implemented in
WinBUGs [WinBUGS, 2010], and the description and fitting of the model is somewhat different. Three further parameters are intro-
duced that essentially account for the absolute values of our earlier parameters a, b, ¢, and d, and allow the generation of samples
from the Bayesian posterior distributions of all parameters to proceed without numerical difficulties.

This produces the complete total sum-of-squared-errors expression (only partly shown):

In[57]:= sseXY = Total [ (data[All, 1] - Xnodelled)?] + Total [ (data[All, 2] - Ynodelled)?];
% // Short

Out[58]//Short=

as[l] 2 «<1>>\2
0. 003469 - —) + [0. 03738 - +
1-s[1l] +as[1] <«<1>
C <«<l1s)2
(<<15>)2 + «<150> + (<<l>> <152+ (<«<T>> - «<1>)2%+ [0. 9481 -
«<1l>

Model Fitting.
Mathematica's Fi ndM ni num[] function finds the minimising values of a, ¢, and the 78 s;'s almost instantly:
In[59]:= {sseXYMn, sol SSExy} = Fi ndM ni mum[ {sseXY, a>0, c¢ >0}, allParans, Mthod-"Automatic" ]

Ous9j= {0.146142, {a-0.767195, c -2.42107, s[1] »0.0146657, s[2] -0.0301212, s[3] - 0. 00690679, s[4] - 0. 0376475,
s[5] »o 0585306, s[6] 0. 098851, s[7] - 0.0707359, s[8] -0.134633, s[9] - 0.112926, s[10] 0. 148709,

s[11] - 0. 185055, s[12] - 0.216086, s[13] - 0. 18585, s[14] - 0. 242971, s[15] - 0. 220549, s[16] - 0. 181527,
S[17] - 0. 278672, s[18] - 0. 288962, s[19] - 0.211287, s[20] - 0. 262643, s[21] - 0. 355679,

s[22] - 0. 328148, s[23] - 0.39804, s[24] - 0. 338698, s[25] 0. 377637, s[26] - 0.319177, s[27] - 0. 372965,
s[28] » 421978 S[29] - 0. 448325, s[30] - 0.318157, s[31] »0.344177, s[32] - 0. 411343,

$[33] - 0.428959, s[34] »0.490163, s[35] »0.408236, s[36] —0.44779, s[37] - 0. 483904,

$[38] »0.416312, s[39] - 0.468309, s[40] - 0.547566, s[41] - 0.530998, s[42] - 0. 540293,

S[43] »0.572267, s[44] »0.487536, s[45] - 0.587279, s[46] - 0.553671, s[47] 0. 606807,

S[48] - 0.544596, s[49] »0.575623, s[50] - 0.613329, s[51] - 0.665221, s[52] - 0. 663487,

s[53] »0.619999, s[54] »0.663596, s[55] -0.65725, s[56] —0.699727, s[57] 0. 717768,

s[58] - 0. 678937, s[59] - 0.699442, s[60] »0.731901, s[61] »0.73427, s[62] »0.77171, s[63] 0. 797068,
S[64] - 786242 S[65] - 0.797901, s[66] —0.801142, s[67] - 0.823271, s[68] - 0. 831887,

S[69] - 0.842517, s[70] - 0. 854006, s[71] - 0.865113, s[72] - 0. 896365, s[73] - 0.911323,

S[74] -0.923474, s[75] -0.93991, s[76] 0. 955312, s[77] 0. 948786, s[78] - 0. 962146} )

In[e0]:= al | ParansPoi nt Esti mates = al | Parans /. sol SSExy;
In order to display the fitted Lineal Basis we need a list of the fitted "generating" points:

In[61]:= dat aMbdel | ed = Transpose[ {Xmodel | ed, Ynodelled} ] /. sol SSExy;
% // Short

Out[62]//Short=
{{0.01129, 0.0347819}, <<76>>, {0.95122, 0.98401}}

If desired, we can easily fit a second order | nt er pol ati ngFunct i on through the list of fitted "generating" points:

In[63:= dat aMbdel | edl nterpol ation = Interpol ation[ dataMdel | ed, InterpolationOder »2]

out[63]= I nterpol atingFunctionf{{0.00530739, 0.95122}}, <>]
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Here we plot the data points, the "generating", the fitted Lineal Basis, and an extrapolation to {0,0} and {1,1}.

Infe4:= OFf [ I nterpol ati ngFunction::"dnval" ]

dat aMbdel | edl nt er pol ati onPl ot =

Pl ot [dat aMbdel | edl nterpolation[s ], {s, 0, 1}, PlotStyle- {Gay, Thickness[0.015], Opacity[0.21]1}1;
fittedLi neal Basi sPl ot = ListPlot [dataModelled // Sort, Joi ned - True,

Pl ot Styl e » {Blue}, PlotRange- {{0, 1}, {0, 1}} 1;

gener ati ngPoi ntsPl ot = ListPlot [ dataMbdel | ed, PlotStyle - {Red}, PlotRange - {{0, 1}, {0, 1}}1;
Show[ {dat aPl ot, dataMbdell edlnterpol ationPlot, fittedLi neal BasisPlot, generatingPointsPlot} ];
Label ed[ %, Stylel[

" Figure 3. Data & Generating Points, with Extrapolation", 13, FontFani |y - "Book Antiqua"] ]

0.8

0.6

out[69]=

0.2

OO 7\ | | | | |
0.0 0.2 04 0.6 0.8 1.0
X
Figure 3. Data & Generating Points, with Extrapolation

Here we have connected each data point with its corresponding "generating” point. The minimum value of the total-sum-of-squared-
errors is the sum of the squared lengths of all these connecting lines.

In[70]:= lines = Map[ Line, Transpose[ {data, datahlbdelled}]];
Show[ {dat aPl ot, generatingPointsPlot}, Epilog- {lines}];
Label ed[ %, Style[
" Figure 4. Data & Correspondi ng Generating Points Connected", 13, FontFam |y - "Book Antiqua"] ]
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Figure 4. Data & Corresponding Generating Points Connected

These are the fitted s; values:
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In[73:= ListPlot[sParams /. sol SSExy]l;

Label ed[ %, Stylel" Figure 5. The Fitted s; Values", 13, FontFamily - "Book Antiqua"] ]
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0.8 o 00 -

L]

L e d

L .. Y -

| oo o4 4

0.6 . . L4 ° |

. .

L ope. e J

L . . . d

Out[74]= b . . ° J

° . °

0.47 . .. . L] —
L .. ° . .. -
L .. L4 -

L]

0.2 c.o . ° 7
F . ® d
L o ° 4
| . ° -

° ®
00F ° ° =
| L | | |
0 20 40 60

Figure 5. The Fitted s; Values
Note that by the construction of the Lineal Basis model, we have 0 < s; < 1 for all s;.

In[75;:= {Mn[sParans /. sol SSExy ], Max[ sParans /. sol SSExy ]}

out[7s= {0. 00690679, 0.962146}

Model Precision.

In numerical minimisation, the Hessian is the symmetric matrix of second derivatives of the objective function with respect to the
independent variables, evaluated at the minimum. If the objective function is, say f(x, y, z, w), the Hessian matrix H is

@x,xf Ox,yf 6xyzf @wif

Oy xf Oy yf Oyzf Oywf
H = evaluated at {x, ¥, z, W} = {Xmin» Ymin» Zmin» Wmin}-
OZ'X f azyy f 6ZYZ f az’wf { y } { min ymln min mln}

Owx f Owyf Owzf Owwf

In nonlinear model fitting, to quote [Gregory, 2005], "... , we expect that sufficiently close to szinv 2 will be approximately quadratic so
we should be able to ignore higher order terms in the Taylor expansion" ()(2 here corresponds to our "total-sum-of-squared-errors").

This assumption is that in the region of the minimum, the objective function surface or space is locally quadratic. The Mathematica
documentation reveals that Fi ndM ni muni] has essentially five different ways of setting up such a "local quadratic model".

MLE (Maximum Likelihood Estimation) theory shows that under the weak assumption that the ML estimator is consistent (which we
assume here), asymptotically the distribution of the MLE estimator is multivariate Normal with mean the vector of true parameter
values, and variance-covariance matrix the inverse of the Hessian H, i.e., an estimate of the variance-covariance matrix associated

with the estimates {Xmin: Ymin» Zmin» Wmin} is H™2.
In a statistical model fitting application, the Hessian of the "total-sum-of-squared-errors" is proportional to the Hessian of the likelihood.
We can calculate the Hessian using the defined function hessi anH[] (or else mathStatica's Hessi an[] ), and apply the appropriate

scaling factor. We find its determinant, and check its Di mensi ons[] .
Since the Hessian is an 80x80 matrix, we show only the upper-left 10x10 submatrix:



In[76]:=

hessi an = [2
Take[ hessi an,
Det [ hessi an ]

sseXYM n

{1, 103},

Di mensi ons @ hessi an

Out[77]//MatrixForm=

out[78]=

Out[79]=

4. 8565 x 10238

{80, 80}

{1, 10} ] // MatrixForm
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-1
—] x hessi anH[ sseXY, all Parans ] /. sol SSExy;
nPoints -2

2508. 57 0 9.84756 15.8363 -4.13809 9.59904 25.9487 53.5642 30.9616 62.0167
0 217.202 15.547 30.0032 10.4399 38.5235 49.6893 63.1043 55.6847 71.1174
9.84756 15.547 3127.38 0 0 0 0 0 0 0
15. 8363 30.0032 0 2902. 49 0 0 0 0 0 0
-4.13809 10.4399 0 0 3222.01 0 0 0 0 0
9.59904 38.5235 0 0 0 2777. 89 0 0 0 0
25.9487 49.6893 0 0 0 0 2544, 97 0 0 0
53.5642 63.1043 0 0 0 0 0 2177. 26 0 0
30.9616 55.6847 0 0 0 0 0 0 2413. 06 0
62.0167 71.1174 0 0 0 0 0 0 0 1887. 11

As noted, the required variance-covariance matrix is H™X. We ensure numerical symmetry by simply averaging H™ and its
Transpose[]. We check that it is indeed symmetric, and also positive definite, which is a requirement of a variance-covariance matrix
and necessary for statements such as RandonReal [ Mul ti nor mal [ mean, cvni] to execute without error.
Again we show only the upper-left 10x10 submatrix:

In[80]:=

Inverse[ hessian] + Transpose[lnverse[ hessian] ]

cvm =

Take[ cvm

{1,

103,

{SymmetricMatri xQ[ cvm],

Out[81]//MatrixForm=

Out[82]=

0. 286654
0.902124
-0. 00538732
-0. 0108893
-0. 00255488
-0. 0135011
-0. 0205362
-0. 0331987
-0. 0244958
-0. 0434177

{True, True}

2

{1, 10} 1 // MatrixForm
PositiveDefiniteMatri xQ[cvm]}

0.902124  -0.00538732 -0.0108893
2.84911 -0.0170043 -0. 0343735
-0.0170043 0.000421253 0.000205168
-0.0343735 0.000205168 0.000759265
-0. 008073 0.0000481779 0.0000973906
-0.0426285 0.00025443 0.000514316
-0.0648256 0.00038693 0.000782153
-0.10477 0.000625379 0.00126415
-0.0773224 0.000461523 0.000932937
-0.137018 0.000817868 0.00165325

-0. 00255488 -0.0135011
-0. 008073 -0. 0426285
0. 0000481779 0. 00025443

0. 0000973906
0. 000333242
0.000120784
0. 000183671
0. 000296836
0. 000219077
0. 0003882

0. 000514316
0. 000120784
0. 000997807

-0. 0205362
-0. 0648256
0. 00038693
0. 000782153
0.000183671
0. 000969957

0. 000969957 0.00186801
0.00156766 0.00238408
0.00115694 0.00175944
0.00205018 0.0031179

-0.0331987 -0.C

-0. 10477 -0.C
0. 000625379 0.00
0.00126415 0.00
0. 000296836 0.00
0.00156766 0. 0C
0.00238408 0.0C
0.00431263 0.0
0.0028437 0.0C
0. 00503939 0.0C

In order to see the relationships between the various parameter more clearly, we can apply the function
var Covar Mat ri xt oCorr Matri x[] defined above to cvmto see the correlations between the parameters, showing the upper-left 10x10
submatrix only:

In[83:= corrm = var Covar Matri xt oCorrMatri x[cvm];

Out[84]//MatrixForm=

Take[corrm {1, 10},
1. 0. 998233

0. 998233 1
-0. 490255 -0.490832
-0. 738115 -0.739047
-0. 261403 -0.261999
-0. 798301 -0.799507
-0. 887468 -0.888592
-0. 944215 -0.945176
-0.912668 -0.913799
-0.961027 -0.96199

1
362779
. 128587
392441
436186
. 463981
448562
. 472236

-0. 490255
-0. 490832

coocooo

-0. 738115
-0. 739047
0

362779
1

. 193616

590895
656758

. 698605
. 675392

711034

{1, 10} 1 // MatrixForm

-0. 261403
-0. 261999

0
0

O O O oo

128587
193616
1

. 209462
. 232794
. 247609
. 239397
. 252013

-0. 798301
-0. 799507

0
0
0

o O O o

392441

590895

209462
1

. 710461
. 755716
. 730617
. 769161

-0. 887468
-0. 888592
0. 436186
0. 656758
0. 232794
0. 710461
1
0. 839966
0. 812056
0. 85491

-0.944215 -0.912668 -0.961027
-0.945176 -0.913799 -0.96199
0.463981 0.448562 0.472236
0.698605 0.675392 0.711034
0.247609 0.239397 0.252013
0.755716 0.730617 0.769161
0.839966 0.812056 0.85491
1. 0.863799 0.909398
0. 863799 1. 0. 879167
0.909398 0.879167 1.
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This reveals some important details:

@) the parameters "a" and "c" are very highly correlated, which is clear by inspection of the symbolic sseXY as there is a term
involving "a" and a term involving “c" for each data point;

(i) the s; parameters are all positively correlated with each other; and

(iii) "a" and "c" are generally highly negatively correlated with the s; parameters.

It is always a good idea to check a calculated matrix inverse; we look at the upper-left 10x10 submatrices only:

In[85):= Take[ cvm hessian, {1, 10}, {1, 10} ] // MatrixForm // Chop

Out[85]//MatrixForm=
1.

coooocooPFooo
cooocooPFPFoooo
cocooo"ooooo
coo"Pooocooo
coFPFoocoooooo
ocoFPoocoooocoooo
P ooooooooo

0
0
1.
0
0
0
0
0
0
0

Ooooooooo
coooocoooolPo

In[86:= Take[ cvm hessian, {71, 80}, {71, 80} 1 // MatrixForm // Chop

Out[86]//MatrixForm=
1.

cocoocooPFPooooo
cooPoocooooo
coFPFooocooooo
oFPFocoooocooooo

OCooocoooooo

ocoocoooocooo"o
ocoooooolPoo
ococoocooooPFooo
coocooo"oooo

[Nl lNelNeNe Nol

=

Parameter Confidence Regions.

Following are plots of samples from the bivariate "uncertainty" distributions for selected pairs of parameters.
The parameters "a" and "c" are shown to be very strongly correlated, as we have seen:
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In[87]:= ListPlot [ Table[restrictedParaneters[allParanmsPoi nt Estimates, cvm][ {1, 2} ], {nSanples =1000}1],
Aspect Ratio-»1, PlotRange -» All, |InageSi ze -» 300,
FrameLabel -» {Style["a", 12, FontFanmily -»"Tinmes" ], Style["c", 12, FontFanmily -»"Times" 1} 1;
Label ed[ %, Style[StringForm["Figure '1°. Parameter Correlation Plot: ¢
vs a (2" sanples)\n (correlation = "3")",
7, nSanples, NumberForm[ corrm[1, 2], 3] ] 13, FontFamily - "Book Anti qua"] ]

7

out[88]=

Figure 7. Parameter Correlation Plot: ¢ vs a (1000 samples)
(correlation = 0.998)

This shows the relation between "a" and "s;", the positional parameter for the first "generating" point:
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In[89:= ListPlot[Table[restrictedParaneters[allParanmsPointEstimates, cvm][ {1, 3} ], {nSanples =1000}1],
Aspect Ratio-»1, PlotRange -» All, |InageSi ze -» 300,
FranmeLabel -» {Style["a", 12, FontFamily -»"Times" ], Style["s;", 12, FontFam |y -»"Tines" 1} 1;
Label ed[ %, Style[StringForm["Figure '1'. Parameter Correlation Plot: s;
vs a (2" sanples)\n (correlation = "3")",
8, nSanples, NunberForm[ corrm[1, 3], 3] ] 13, FontFamily - "Book Anti qua"] ]
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out[90]=

-0.02

S
2

= s e e e B B
o

-0.06

0.5 10 15 2.0

N
&)l

Figure 8. Parameter Correlation Plot: s; vs a (1000 samples)
(correlation = —0.49)

This shows the relation between "s;" and "s,"
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In[91]:= ListPlot [ Table[restrictedParaneters[allParanmsPoi ntEstimates, cvm][ {3, 4} 1, {nSanples =1000}1],
Aspect Ratio-»1, PlotRange -» All, |InageSi ze -» 300,
FrameLabel -» {Style["s;", 12, FontFamily -»>"Tines" ], Style["s,", 12, FontFamly -»"Tines" 1} 1;
Label ed[ %, Style[StringForm["Figure '1°. Parameter Correlation Plot: s,
vs s; (2" sanples)\n (correlation = "3")",
9, nSanples, NumberForm[ corrm[3, 4], 3] ] 13, FontFamily - "Book Anti qua"] ]

0.10

005+

out[92]= L

0.00 -

-0.05- ° *

Figure 9. Parameter Correlation Plot: s, vs s; (1000 samples)
(correlation = 0.363)

And finally this shows the relation between "s,;" and "s-g", the last two s; parameters:
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In[93:= ListPlot [ Table[restrictedParaneters[allParamsPoi ntEstimates, cvm][ {nPoints -1, nPoints}],
{nSanpl es = 1000} ], AspectRatio-1, PlotRange- A, |nageSize - 300,
FrameLabel -» {Style["s;;", 12, FontFamily -»"Times" ], Style["s;g", 12, FontFamily -"Tinmes" 1} 1;
Label ed[ %, Style[StringForm["Figure '1'. Parameter Correlation Plot: sz Vs
s;7 (2" sanples)\n (correlation = "3")",
10, nSanpl es, Nunber Form[ corrm[77, 78], 3] ] 13, FontFamily - "Book Anti qua"] ]
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Figure 10. Parameter Correlation Plot: s;g vs s77 (1000 samples)
(correlation = 0.516)

The "Mean Prediction” Region.

We are now in a position to generate random samples from the "uncertainty" distributions for the a, c, and s; parameters. Plotting the
resulting Lineal Bases together will give a clear picture of the extent of the 95% "mean prediction” region.

The point estimates list is the mean vector of the asymptotic multivariate Normal distribution—with variance-covariance matrix cvm—
from which we wish to sample:

In[95]:= al | ParansPoi nt Esti mates = al | Parans /. sol SSExy;
% // Short

Out[96]//Short=
{0. 767195, 2.42107, <<76>>, 0.948786, 0.962146}

This constructs a list of replacement rules which we will use repeatedly to generate sampled Lineal Bases:

In[97]:= paraneter Substituti onRule = Map[ (#p17 - #27) &
Transpose[ {al | Parans, RandonReal [ Mul ti normal Di stribution[all ParansPoi ntEstimates, cvm], 171[11}11;
% //
Short

Out[98]//Short=
{a—-0.415477, ¢ »1.14601, <«<76>, s[77] »0.963705, s[78] »0.957755}

First we generate a single sampled Lineal Basis and plot it along with the original data:
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In[99]:= paraneter SubstitutionRule = Map[ (#17 - #27) &
Transpose[ {al | Parans, RandonReal [ Multi normal Di stribution[all ParansPoi ntEstinmates, cvm], 171[11}11;
Print["{a, c} =", {a, c} /. paraneterSubstitutionRule]
Show[ dat aPl ot, ListPlot[ Transpose[ {Xnodel|led, Ynodelled} ] /. paraneterSubstitutionRule // Sort,
Joined » True, PlotStyle - {Oange} ],
FrameLabel -» {Style["X", 10, FontFam |y -»"Tinmes" ], Style["Y", 10, FontFam |y - "Tinmes" 1},
Pl ot Range -» {{0, 1}, {0, 13}3}1;
Label ed[ %, Style[StringForm["Figure "1'. Single Mean Prediction Plot for a
Li neal Basis Mdel\n {a,c = {{2°, "3 1}", 6,
Nunber For m[ a /. paraneter SubstitutionRule, 3], NunmberForm[c /. paraneterSubstitutionRule, 3] ]
13, FontFanmily »"Book Antiqua"] ]

(a, ¢} - {0.449359, 1.50926)}
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Figure 6. Single Mean Prediction Plot for a Lineal Basis Model
{a,c = {0.449, 1.51}}

Note that in the preceding code we are drawing a single multivariate sample from an unrestricted distribution via
RandonReal [ Mul ti normal Di stribution[all ParansPoi nt Esti mates, cvny, 1].
On occasion we can obtain a plot such as the following, due to one or both (in this case) of a and c being negative.
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Figure 6a. Single Mean Prediction Plot for a Lineal Basis Model
{a,c = {-0.179, —0.525}}

To avoid this we have coded the defined function restrictedParaneters[] above, which samples from
Mul ti normal Di stribution[all ParansPoi nt Esti mates, cvnj until a>0 and ¢>0. We use this function in visualising some of the
correlations between the a, ¢, and s; parameters.
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Here finally we can show a set of models where the "a", "b", and "s;" parameters for each model were drawn from the (restricted)
multivariate Normal distribution with mean vector equal to the vector of minimum sum-of-squared-errors parameter values, and
variance-covariance matrix derived above via the inverse of the scaled Hessian.

The scatter of models shown here is directly analogous the the familiar "hyperbolic hourglass" shape of the 95% "mean prediction
bands" in standard simple linear regression.

In[103]:= meanPredi ctionPl ot = Showl[ Li stPl ot [
Map[ (Transpose[ {Xnodel | ed, Ynodelled} ] /. Map[ (#pip > #ppp) & Transpose[ {al | Params, #} 1] // Sort) &,
Tabl e[ restrictedParaneters[ al | ParansPoi nt Esti nates, cvm], {nSanples =200}711 ,

Joined » True, PlotStyle- {{Opacity[0.3], Oange}}],

fittedLineal Basi sPlot, dataPlot, PlotRange- {{0, 1}, {0, 1}},

FraneLabel -» {Style["X", 10, FontFam |y -»"Tinmes" ], Style["Y", 10, FontFam ly -»"Tines" 1} 1;

Label ed[ %, Style[ StringForm[
"Figure “1°. Mean Prediction Plot for a Lineal Basis Mdel: ("2 sanples)",
11, nSanples ], 13, FontFam |y - "Book Antiqua"] ]
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Figure 11. Mean Prediction Plot for a Lineal Basis Model: (200 samples)

Section 3 - Model Exploration.

Recall that the analytic form of these Beta-Beta means was derived from the assumption that sufficiently flexible forms for the functions
aX[s, ... ] etc., were linear: ax[s, ...]=as, Bx[S, ...]=b(1-5), ay[s, ...]=cs,and By[s, ...]=d (1-5).

as Cs

We saw that the mean point of the Beta-Beta would then take the form { )}, but because a rescaling of the {a,b} or

as+b(1-s)’ cs+d(1-s
{c,d} pairs leaves the mathematical form of these expressions unchanged, numerical optimization required reducing each expression to
an equivalent one-parameter form.

For any value of s, 0< s < 1, the mean point of the Beta-Beta distribution was thus specified as

as as

l-s+as 1-s+as

Substituting the solution vales of a and c, we get ...

as cs
In[105]:= { , } /. sol SSExy
l-s+as 1l-s+cCs
0.767195s 2.42107 s
Out[105]=

1-0.232805s 1+1.42107s

... as the parametric description of the best fit Lineal Basis. So, we can use Paranetri cPl ot [] to display this curve:
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as Ccs

In[106]:= |ineal Basi sParanetricPl ot =ParametricPl ot [ { } /. sol SSExy, ({s, 0, 1},

1—s+as’ l-s+cCs
FraneLabel -» {Style["X", 10, FontFam |y -»>"Tines" ], Style["Y", 10, FontFanily - "Ti nes" ])];

Label ed[ %, Style[StringForm["Figure "1 . Paranetric Plot of Best Fit Lineal Basis", 121,
13, FontFanmi |y - "Book Antiqua"] ]
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Figure 12. Parametric Plot of Best Fit Lineal Basis

For the purpose of exploring the behaviour of the Beta-Beta distributions as s varies from 0 to 1, we now define four separate functions
for aX, BX, aY, and BY, using the values of the linear coefficients in the X and X functions a/ . sol SSExy (the fitted value of a) and 1,
respectively, and for the values of the linear coefficients in the oY and Y functions c/ . sol SSExy (the fitted value of a) and 1,
respectively.

In[108]:= C earAl'l [aX];
aX[s_] :=as /. sol SSExy //Eval uate
?aX

d obal " oX

aX[s_] :=0.767195 s
In[111]:= C earAll [BX];

BX[s_]:=1(1-5s)
? BX

d obal " X

BX[s_]:=1(1-s)
In[114]:= CearAll [aY];

aY[s_]:= cs /. sol SSExy //Eval uate
?a¥Y

d obal " aY

aY[s_] :=2.42107 s

In[117:= C earAll [BY];
BY[s_]:=1(1-5)
?BY
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d obal " gY

BY[s_]:=1(1-5s)

The fitting procedure we used to determine the Lineal Basis parameters a, c, and the s; found a best fit Lineal Basis using these
"normalised" aX[ s, ... functions ] and so did not yield estimates of the absolute values of the original parameters a, b, ¢, and d. Now
that we know the ratio of a to b—i.e., the best fit estimate of a in the "normalised" @X function—and the ratio of c to d—i.e., the best fit
estimate of c in the "normalised" X function, we need a method of estimating the absolute values of a, b, ¢, and d while preserving the
fitted ratios a/b and c/d.

Here are the absolute discrepancies between the x-coordinates of the data points and the x-coordinates of their corresponding
"generating" points, plotted against the s value for the corresponding "generating” point. This is then the absolute departure—parallel to
the X-axis— of the data from their "generating" points as we move along the Lineal Basis from s=0 to s=1.

In[120]:= ListPlot [
Transpose[ {sParanms, Abs[dataf[All, 1] - Xnodelled]} ] /. sol SSExy // Sort, Joined - True, FranmelLabel -
{Style["s", 10, FontFam |y -»"Tines" ], Style["Absolute X Error", 10, FontFamly -»"Tinmes" 1} 1;
Label ed[ %, Style[StringForm["Figure "1 . Absolute X Coordinate Differences (data-'generating ) vs s",
131, 13, FontFam |y -»"Book Antiqua"] ]
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Figure 13. Absolute X Coordinate Differences (data—'generating’) vs s

Here next are the steps by which mathStatica can determine the expected absolute difference between a random sample from the
general Beta[ a, B8] distribution and the mean of the distribution.
This defines the general Beta[ «, 8] PDF:

Xa—l (l_X)B—l
In[122]= f = m; domain[f] = {x, 0, 1} & {a >0, B>0};
a,

The mean is confirmed via mathStatica's Expect [] function ...
In[123]:= Expect [x, f ]

o

out[123]=
o+ f3

... and the general expression for the required expected absolute difference is found via:

] 1]

1+a, /5}

In[124]:= expect edBet aAbsError = Expect [Abs [x -
a+f3

2aBetal -2, a, B| -2 (a+B) Beta{
a+B

a
—
a+f3

Out[124]=
(o + B) Betala, B]
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We now propose to substitute into this expression the "normalised" forms for aX[ s, ... ] and X[ s, ... ] using the best fit values for a
and c, but with a "scaling factor" we will call sf, i.e., instead of a/ . sol SSExy we will have sf x a/. sol SSExy, and instead of 1 we will
have sf. We will then calculate the expected absolute errors at each of the "generating” points using the resulting expression, each of
which will be a function of sf. Then we can again calculate a total-sum-of-squared-differences between these values and those plotted
in Figure 13, i..e, the corresponding observed absolute errors, and find the best fit value of sf. We argue that this is a reasonable
method for recovering good estimates of a and b, since it is based on the best fit value for a in the "normalised" version of aX[s, ... ],
which gives the ratio a/b, and makes use of the variation about the Lineal Basis (separately in each of the X and Y dimensions).

To find the expected absolute errors at each of the "generating” points, we will Map[] a pure function over the list of best fit s; values,
and we can construct the form of the required pure function in one step:

In[125]:= expect edBet aAbsError /. {a—»sf as, B-sf (1-s)} /. sol SSExy /. {s »#}

0.767195 sf ul

out[125]= [1. 53439 sf Beta[ . 0.767195sf n1, sf (1 -nl)} 0l -

sf (1 -51) +0.767195 sf 1l
0. 767195 sf #1

2Beta[ , 1+0.767195sf =1, sf <17n1)} (sf (1-=u1) +0. 767195 sf 1)

/

sf (1 -11) +0.767195 sf nl
(Beta[0.767195sf 11, sf (1 -11)] (sf (1 -11) +0.767195sf 111))

These are the expected absolute errors at each of the "generating" points; sf is now the only free parameter:

In[126]:= expect edBet aAbsol utexXerrors =
Map [ (expect edBet aAbsError /. {a»>sf as, B-sf (1-s)} /. sol SSExy /. {s »#}) & sParanms /. sol SSExy 1;

% //
Short
Out[127]//Short=
1. 00343 (<<1>> + «<21> sf Beta[<<1>]) <«<17> <«<1>>
{ , <<76>>, 7}
sf Beta[0.0112515 sf, <«<19>> sf] sf «<1>>

These are the observed absolute errors, ...

In[128]:= observedBet aAbsol uteXErrors = Abs[datafAll, 1] - Xnodelled] /. sol SSExy;
% // Short

Out[129]//Short=
{0. 00782104, 0.00765206, <<74>>, 0.0139329, 0.0121802}

... this constructs the total sum-of-squared-differences we would like to minimize with respect to sf, ...

In[130]:= sseBet aAbsol uteXErrors = Total [ (expect edBet aAbsol ut eXErrors - observedBet aAbsol ut eXErrors)? ];
% // Short

out[131)//Short=

2

<«<19> <«<1> <«<1l>

-0. 0133526 + + | -<<21l> +

sf «<1> <«<1>>

(<<l <152+ «<725 + <15 + (<<1>>)2+ (-0.0121802 + «<1>>)?
... and this finds the best fit value of sf:
In[132]:= {sseBetaX, sol SSEBetaX} = Fi ndM ni num[ sseBet aAbsol uteXErrors, {sf, 200, 300} ]
out[132)= {0. 0250731, {sf - 251.583}}
Now we can re-define the aX[s, ... ] and BX[ s, ... ] functions using this value of sf :
In[133:= O earAll [aX];

aX[S_] :=sf as /. sol SSExy /. sol SSEBetaX // Eval uate
?aX

d obal * aX

oX[s_] :=193.013 s
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In[136]:= Cl ear Al l [BX];
BX[s_] :=sf (1-s) /. sol SSEBetaX // Eval uate
?BX

d obal * gX

BX[s_] :=251.583 (1-5s)

This Mani pul at e[ ] shows how the betaX PDF and its mean varies as s ranges over {0, 1}, i.e., along the fitted Lineal Basis from s=0
to s=1. The mean is indicated by the vertical black line.

In[139]:= Mani pul at e[

Pl ot [PDF[BetaD’ stribution[aX[s], BX[s]], X1,
{x, 0, 1}, Pl otRange » {0, 15}, FraneLabel - {"s", "betaX PDF"},

EpiIog—»{Li ne[{{ oX[s] 0}, { oX[s] : 15}}]}] {{s, 0.5}, 0.001, 0. 999)]

aX[s] + BX[S] ' aX[s] + BX[S]

M
J

14

12

10

Out[139]=

betaX PDF

o
o
o
N}
o
~
o
o
o
®
=
o

We now repeat this procedure for aY[s, ... ] and BY[ s, ... ]. (We condense the code somewhat to save space.)

In[140]:= expect edBet aAbsol ut eYErrors
Map[ (expect edBet aAbsError /. {a-»sfcs, B-sf (1-s)} /. sol SSExy /. {s »#}) & sParanms /. sol SSExy 1;
observedBet aAbsol uteYErrors = Abs[datafAll, 1] - Xnodelled] /. sol SSExy;
sseBet aAbsol uteXErrors = Tot al [ (expect edBet aAbsol uteYErrors - observedBet aAbsol uteYErrors)? ];
{sseBet aY, sol SSEBetaY} = Fi ndM ni num[ sseBet aAbsol uteXerrors, {sf, 200, 300} 1;

In[144]:= CearAll [aY];
aY[s_] :=sf cs /. sol SSExy /. sol SSEBetaY // Eval uate
?a¥Y

d obal " aY

oY[s_] : = 288.376s

In[147]:= C earAll [BY];
/3Y[s_] :=sf (1-s) /. sol SSEBet aY // Eval uat e
?BY
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d obal " gY

BY[s_] :=119.111 (1 -s)

This Mani pul at e[] shows in turn how the betaY PDF and its mean varies as s ranges over {0, 1}, i.e., along the fitted Lineal Basis
from s=0 to s=1.
The mean is indicated by the vertical black line.

In[150]:= Mani pul at e[

Pl ot [PDF[Bet aDi stribution[aY[s], BY[S]], X1,
{x, 0, 1}, Pl otRange » {0, 15}, FranelLabel - {"s", "betaY PDF"},

EpiIog-»{Li ne[{{ avis] 0}, { ovie] : 15}}]}] {{s, 0.5}, 0.001, 0. 999)]

aY[s] +/3Y[s]’ aY[s] + BY[s]

M
S U

14
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Out[150]=
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o
o
o
[N}
o
~
o
o
o
©
N
o

This shows the two linear functions aX[s] and gX[s] ...
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In[151]:= Pl ot [{aX[s], BX[s]}, {s, 0, 1},
FraneLabel -» {Style["s", 10, FontFamily »"Tinmes" ], Style["aX and X", 10, FontFam |y -»"Times" 1} 1;
Label ed[ %, Style[StringForm["Figure “1°. aX (increasing) and BX (decreasing) as functions of s", 141,
13, FontFanily - "Book Antiqua"] ]
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Figure 14. aX (increasing) and BX (decreasing) as functions of s

... and these are the two linear functions aX[s] and BX[s].

in[153:= Pl ot [{aY[s], BY[S]}, {s, O, 1},
FraneLabel -» {Style["s", 10, FontFamily -»"Times" ], Style["aX and pBX', 10, FontFamly -»"Times" 1} 1;
Label ed[ %, Style[StringForm["Figure "1 . aY (increasing) and BY (decreasing) as functions of s", 1517,
13, FontFanmi |y - "Book Antiqua"] ]
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out[154]=

aX and X

100

50

Ok | | | |
0.0 0.2 0.4 0.6 0.8

g
o

S
Figure 15. Y (increasing) and BY (decreasing) as functions of s

Finally in this section we show how the joint 95 % - containing region for the bivariate Beta-Beta distribution varies as X varies from 0 to
1.

A rectangular—not the smallest area—region that contains 95% of the joint BetaxBeta distribution is one bounded by the limits of a
product of central confidence intervals for each of BetaX and BetaY that each contain ...

In[155]:= V0. 95

out[155]= 0. 974679

... of each distribution. The two corresponding CDF values are thus:
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1-+0.95 1-+0.95

In[156:= {cdfLo, cdfH } = { . 1- . }

ou156)= {0. 0126603, 0.98734}

A Mani pul ate[] allows us to see clearly that as s ranges from 0 to 1, the four linear functions aX[s,a], BX[s,b], aY[s,c], and BY|[s,d]
vary in such a way that the joint mean (indicated by the red dot) of the Beta-Beta distribution tracks along the fitted Lineal Basis, and
the rectangular region with 95% coverage for any given value of s expands and contracts appropriately. As will be seen below, the
calculation of a "mean prediction" region for the complete model must be based on samples from the complete model—with s ranging
from O to 1—considered in toto.

In[157:= Mani pul at e[

out[157]=

x95Lo = Quantil e[BetaDi stribution[aX[s], BX[s]], cdflLo];
Xx95H = Quantile[BetaDi stribution[aX[s], BX[s]], cdfH 1;
y95Lo = Quantile[BetaDi stribution[aY[s], BY[s]], cdfLo];
y95H = Quantile[BetaDi stribution[aY[s], BY[s]], cdfH 1;
Show[ dat aPl ot, |ineal Basi sParametricPl ot,

aX[s] aY[s]
Epi | og » {Red, Poi nt Si ze[ 0. 01], Point [ {

axX[s] + BX[S] aY[s] + BY[S] H
Thi ckness [ 0. 005 ],
Li ne[ {{x95Lo, y95Lo}, {x95H, y95L0}} ], Line[ {{x95Hi, y95Lo}, {x95H , y95H }} ],
Line[ {{x95Hi, y95H }, {x95Lo, y95Hi }} 1, Line[ {{x95Lo, y95Hi }, {x95Lo, y95L0}} ]

}]

., {{s, 0.2}, 0.001, 0.999, 0.001)]
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Section 4 - Monte Carlo Sampling for the Single Prediction Region.

Single Prediction Region Monte Carlo Sampling.

Next we generate a large sample of simulated data from the statistical model we have developed.
Setting the sample size ...

In[158:= sanpl eSi ze = 1000;
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... we can plot a set of sanpl eSi ze (X,y) pairs so that consecutive samples are from the slightly different BetaXxBetaY joint distribu-
1 sanpl eSi ze
sanpl eSi ze+1 sanpl eSi ze+1

1

tions that obtain from sanpl eSi ze s values ranging from sanpl e zes1"

in steps of

In[159]:= sanpl ePl ot = ListPlot [ ncSanpl eXYtotal = predictiveSanpleData =
Tabl e[ {RandonReal [BetaDi stribution[aX[s], BX[s]] 1, RandonReal [BetaDi stribution[aY[s], BY[S]11]},
{s, 1/ (sanpleSize+1), 1-1/(sanpleSize+1), 1/ (sanpleSize+1)}],
Pl ot Range - All, PlotStyle- {PointSize[0.00011]}1;
Label ed[ %, Style[StringForm[ "Figure “1°. 2" sanples fromthe conplete BetaxBeta statistical nodel",
16, Nunber For m[ sanpl eSi ze, 311, FontSize - 14, FontFamly »"Sylfaen" ]1]
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Figure 16. 1000 samples from the complete Beta«Beta statistical model

This Mani pul at e[ ] is the same as the preceding one except with the large sample of simulated data shown in Figure 16.
We note that there is good visual agreement between the spread of the simulated data and the size of the 95% coverage rectangle for
each s value.



Fitting the 4-Parameter Lineal Basis Model_IMS2010 version.nb |29

In[161]:= Mani pul at e[
x95L0 = Quantil e[BetaDi stribution[aX[s], BX[s]], cdfLo];
x95H = Quantile[BetaDi stribution[aX[s], BX[s]], cdfH ];
y95Lo = Quantil e[BetaDi stribution[aY[s], BY[s]], cdfLol;
y95H = Quantile[BetaDi stribution[aY[s], BY[s1], cdfH I;
Show[ sanpl ePl ot, |ineal Basi sParanetricPl ot,

aX[s] aY[s]

EpiIog—»{Red, Poi nt Si ze[ 0. 01], Poi nt[{ ) }],
aX[s] + BX[Ss] aY[s] +BY[S]

Thi ckness [ 0. 005 ],
Line[ {{x95Lo, y95Lo}, {x95H , y95L0}} ], Line[ {{x95Hi , y95Lo}, {x95H , y95Hi }} 1],
Line[ {{x95Hi, y95H }, {x95Lo, y95Hi }} ], Line[ {{x95Lo, y95H }, {x95Lo, y95L0}}]

}]

. {{s, 0.2}, 0.001, 0.999, 0.001)]

M
S U

out[161]=
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The Concave-Hull-Stripping Method for Defining a Single Prediction Region.

The technique we apply in order to determine a defined single prediction region for our Lineal Basis model is a modification of a
numerical approach we will refer to as concave-hull-stripping. A set of single predictions is generated via random sampling from the
"observation" Beta-Beta distribution using the fitted model parameters.

Although for most nonlinear models an analytic expression for a 95%-containing region is not generally available, a 95% region can
often be approximated by determining the convex hull of a large single prediction region sample and then successively stripping away
just the points on the convex hull. This is repeated until approximately 95% of the original point set remains. The convex hull of the
remaining point set is then taken as a good approximation to the desired 95% single prediction region. Since the number of points in
each successive convex hull is not known in advance, the precision with which the final point set can be determined to contain 95% of
the original points is governed by the size of the original point set.

Note that Mathematica offers the function Pol yt opeQuanti | es[ poi nts, q] within the Mul tivari ateStatistics’ package. From the
Mathematica documentation: "Outlying vectors are removed by repeatedly peeling off layers of convex hulls from the data until at most
a fraction g are left. Pol yt opeQuanti | e[ poi nts, q] interpolates between the convex hulls of the points remaining before and after the
last layer is removed."

Our problem is that the standard theory is not available for Lineal Basis modelling, and as shown our single prediction point set above
is not convex. We therefor employ the defined function f unct i onAl pha[ a, poi nt Set, dt Edge] , which uses concepts from computa-
tional geometry, to determine analogues of convex hulls, called alpha hulls. Applied to an edge in the Delaunay Triangulation of the
point set, and for a given value of a, f uncti onAl pha[] determines whether the edge does or does not belong to the alpha hull for that
.

Alpha hulls are typically concave. Here is a test point set with alpha hulls for the indicated values of alpha:
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‘alpha‘ = 35 a‘lph‘a = 3.;125 | | alpha = 27725

a‘lph‘a = 1.5625 |

alpha =1175 | a‘lph‘a = 0.7875 | | ‘alpha‘ = 04
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Figure 17. A Range of Alpha Hulls

It is clear that for an appropriate value of alpha, the alpha hull coincides closely with the outline of even highly concave point sets as
perceived by most observers. (These ideas are widely used in character recognition.) Note that when alpha is sufficiently large the
alpha hull is the standard convex hull (as explained further in Appendix 1), and when sufficiently small the alpha hull fragments, and
consists of many small disjoint polygons.

For the purposes of obtaining a sequence of alpha hulls that can be successively stripped to arrive at a reasonable approximation to
the 95% single prediction region, we have found empirically that a suitable value of alpha for the point sets with which we are con-
cerned is around half of the diameter of the current point set. (The function poi nt Set Di anet er Functi on[] defined above finds the
largest point-to-point distance for all possible pairs of points.)

We will work with the single prediction region sample assigned above to pr edi cti veSanpl eDat a to illustrate concave-hull-stripping.

We first generate a new plot of the single prediction region sample:

In[162]:= predi ctiveSanpl eDataPl ot = ListPl ot [predictiveSanpl eDat a,
Pl ot Range -> Full, AspectRatio -> 1, PlotStyle- {Blue, PointSize[0.01]},
FranelLabel » {Style["X", 10, FontFanmily -»"Tines" ], Style["Y", 10, FontFam |y - "Ti mes" 1}];

We will need the point set diameter:
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In[163]:= poi nt Set Di amet er = poi nt Set Di anet er Functi on[predi ctiveSanpl eDat a ]

out[163]= 1. 41237

We next use the Del aunayTri angul ati on[] function from Mathematica's Conput ati onal Geonetry” package to arrive at a list of
paired pointers to the endpoints of all the edges in the Delaunay triangulation:

In[164]:= tri =Del aunayTri angul ati on[ predi ctiveSanpl eData ];
% // Short
edgePoi nters = Thread [Li st ee#] & /e@tri //Flatten[#, 1] &;
edgePoi nters = Uni on[Sort /e edgePoi nters];
% // Short

Out[165]//Short=
({1, {994, 5, 7, 6}}, {2, {8, 15, 10, 5, 12, 18}}, <<996>>,
(999, {997, 1000, 993, 992, 994}}, {1000, {996, 993, 999, 997}})

Out[168]//Short=
{{1, 5}, {1, 6}, {1, 7}, {1, 994}, {2, 5}, {2, 8}, <«2967>>,
(994, 999}, {995, 998}, {996, 1000}, {997, 999}, (997, 1000}, {999, 1000} }

With alpha set to half the point set diameter, the variable r equi r edDTedges lists only the edges in the corresponding alpha hull.
The graphic shows that this choice of alpha is a good compromise between larger values which miss the concavity of the "underside" of
the point set, and the small values that produce the fragmentation shown above for alpha=0.4 applied to the test point set.

In[169]:= requiredDTedges = Extract [edgePoi nters,
Posi tion[functionAl phalal f =pointSetD aneter /2.01, predictiveSanpl eData, #] & /@ edgePoi nters, 1]1;
Show[ predi ctiveSanpl eDat aPl ot, G aphi cs[G aphi csConpl ex [
predi ctiveSanpl eData, Line[requiredDTedges]], PlotRange-All ]1;
Label ed[ %, Style[StringForm[ “"Figure “1°. Single Prediction Sanple with Al pha Hull; alpha = “2°",
18, NunberForm[alf, 311, FontSize - 14, FontFamly »"Sylfaen" ]1]
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Figure 18. Single Prediction Sample with Alpha Hull; alpha = 0.703

In order to begin "concave-hull-stripping" this data set, the following steps are taken.
We can easily determine and count the points on this alpha hull:
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In[172]:= outernost Points = Flatten[
Map[ ({predictiveSanpl eDat af #[111, predictiveSanpl eData[ #[2]11}) & requiredDTedges ], 11 // Union;

We keep a progressive collection of all the points discarded as we repeatedly remove each new alpha hull (and construct a plot of
these discarded points):

In[173]:= out er Mbst Poi nt sFor Pl ot ting = out ernost Poi nts;
out er nost Poi nt sPl ot = Li st Pl ot [out er Mbst Poi nt sFor Pl ot ting,
Pl ot Range -> Full, AspectRatio -> 1, PlotStyle - {Oange, PointSize[0.011]1}];

Now we repeat the above calculations, printing out the percentage coverage of the new alpha hull.
The discarded points are shown in orange, to place each new concave hull with decreasing coverage in the context of the original
single prediction sample.

This defines the new point set with the current alpha hull points removed, and creates a new plot:
In[175]:== newDat a = Conpl enent [ predi ctiveSanpl eData, outernostPoints ];
In[176]:= newDat aPl ot =
Li st Pl ot [newData, PlotRange -> Full, AspectRatio -> 1, PlotStyle - {Blue, PointSize[0.01]},
FraneLabel -» {Style["X", 10, FontFam |y -»>"Tines" ], Style["Y", 10, FontFanm ly -»"Tines" 1}1;
We will need the new point set diameter:

In[177]:= newPoi nt Set Di aet er = poi nt Set Di anet er Functi on[newDat a ]

out[177]= 1. 40318

We again use the Del aunayTri angul ati on[] function to obtain a new list of pointers to the pairs of endpoints of all the edges in the
Delaunay triangulation, and with the new diameter we calculate and display the new alpha hull:
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In[178]:= newTri = Del aunayTri angul ation[ newData ];

newEdgePoi nters = Thread [Li st ee#] & /enewlri // Flatten[#, 1] &;

newEdgePoi nt ers = Uni on[Sort /@ newEdgePoi nters];

newRequi r edDTedges = Ext r act [newEdgePoi nt ers,
Posi tion[functionAl phalal f =newPoi nt Set Di aneter /2.01, newData, #] & /@ newEdgePoi nters, 1]1;

Show[ newDat aPl ot, out er nost Poi nt sPl ot, G aphics][
Graphi csConpl ex [ newDat a, Li ne[newRequi redDTedges]], PlotRange-All ]1;

Label ed[ %, Style[StringForm[ "Figure “1°. Single Prediction Sanple with Al pha Hull; alpha = *2°",
19, NunberForm[alf, 311, FontSize - 14, FontFam |y »"Sylfaen" ]1]

Lengt h[ newDat a]
Print ["Coverage =", 100. 0, "%" ]
Lengt h[ predictiveSanpl eDat a ]
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Figure 19. Single Prediction Sample with Alpha Hull; alpha = 0.698

Coverage = 96.6%

At this point we can simply re-run the above (condensed) code as many time as we wish, to produce a sequence of concave single
prediction regions with decreasing coverage:
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In[185]:= outernostPoints = Flatten[ Map[ ({newData[ #[1]], newbata[#[2] 1}) & newRequi redDTedges ], 1] // Union;

out er Most Poi nt sFor Pl otting = outer Mbst Poi nt sFor Pl otting~Join~outernostPoints;
out er most Poi ntsPl ot =

Li st Pl ot [out er Most Poi nt sFor Pl otting, PlotRange -> Full, AspectRatio -> 1, PlotStyle » {Orange, PointSize[0.011]}];
newData = Conpl enent [ newDat a, outernostPoints ];
newDat aPl ot = ListPlot [newData, PlotRange -> Full, AspectRatio -> 1, PlotStyle » {Blue, PointSize[0.011]},

FrameLabel - {Style["X", 10, FontFam |y - "Tines" 1, Style["Y", 10, FontFam |y - "Tines" 1}1;

newPoi nt Set Di anet er = poi nt Set Di amet er Functi on[newData ];
newTri = Del aunayTriangul ation[ newData ];
newEdgePoi nters = Thread[Li st ee#] &/@newlri // Flatten[#, 1] &;
newEdgePoi nters = Uni on[Sort /@newEdgePoi nters];
newRequi r edDTedges =

Extract [newEdgePoi nters, Position[functionAl pha[al f = newPoi nt Set Di aneter /2.01, newData, #] &/@newEdgePoi nters, 1]1;
Show[ newDat aPl ot, out er nost Poi nt sPl ot, G aphi cs[G aphi csConpl ex [ newDat a, Li ne[newRequi redDTedges]], PlotRange » All ]11;
Labeled[ %, Style[StringForm[ "Figure "1°. Single Prediction Sanple with Alpha Hull; alpha = "2°", 20, NunberForm[alf, 311,

Font Si ze » 14, FontFamily -» "Sylfaen" 11

Lengt h[ newDat a]

Print [ Coverage = ", 100.0, "%" ]
Lengt h[ predictiveSanpl eData ]
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Figure 20. Single Prediction Sample with Alpha Hull; alpha = 0.695

Coverage = 92.2%
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In[198]:= outernostPoints = Flatten[ Map[ ({newData[ #[1]], newbata[#[2] 1}) & newRequi redDTedges ], 1] // Union;
out er Most Poi nt sFor Pl otting = outer Mbst Poi nt sFor Pl otting~Join~outernostPoints;
out er most Poi ntsPl ot =

Li st Pl ot [out er Most Poi nt sFor Pl otting, PlotRange -> Full, AspectRatio -> 1, PlotStyle » {Orange, PointSize[0.011]}];

newData = Conpl enent [ newDat a, outernostPoints ];

newDat aPl ot = ListPlot [newData, PlotRange -> Full, AspectRatio -> 1, PlotStyle » {Blue, PointSize[0.011]},
FrameLabel - {Style["X", 10, FontFam |y - "Tines" 1, Style["Y", 10, FontFam |y - "Tines" 1}1;

newPoi nt Set Di anet er = poi nt Set Di amet er Functi on[newData ];

newTri = Del aunayTriangul ation[ newData ];

newEdgePoi nters = Thread[Li st ee#] &/@newlri // Flatten[#, 1] &;

newEdgePoi nters = Uni on[Sort /@newEdgePoi nters];

newRequi r edDTedges =

Extract [newEdgePoi nters, Position[functionAl pha[al f = newPoi nt Set Di aneter /2.01, newData, #] &/@newEdgePoi nters, 1]1;
Show[ newDat aPl ot, out er nost Poi nt sPl ot, G aphi cs[G aphi csConpl ex [ newDat a, Li ne[newRequi redDTedges]], PlotRange » All ]11;
Labeled[ %, Style[StringForm[ "Figure "1°. Single Prediction Sanple with Alpha Hull; alpha = “2°", 21, NunberForm[ al f,

Font Si ze » 14, FontFamily -» "Sylfaen" 11
Lengt h[ newDat a]
Print [ Coverage = ", 100.0, "%" ]
Lengt h[ predictiveSanpl eData ]
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Figure 21. Single Prediction Sample with Alpha Hull; alpha = 0.688

Coverage = 87.9%

311
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In[211]:= outernostPoints = Flatten[ Map[ ({newData[ #[1]], newbata[#[2] 1}) & newRequi redDTedges ], 1] // Union;

out er Most Poi nt sFor Pl otting = outer Mbst Poi nt sFor Pl otting~Join~outernostPoints;
out er most Poi ntsPl ot =

Li st Pl ot [out er Most Poi nt sFor Pl otting, PlotRange -> Full, AspectRatio -> 1, PlotStyle » {Orange, PointSize[0.011]}];
newData = Conpl enent [ newDat a, outernostPoints ];
newDat aPl ot = ListPlot [newData, PlotRange -> Full, AspectRatio -> 1, PlotStyle » {Blue, PointSize[0.011]},

FrameLabel - {Style["X", 10, FontFam |y - "Tines" 1, Style["Y", 10, FontFam |y - "Tines" 1}1;

newPoi nt Set Di anet er = poi nt Set Di amet er Functi on[newData ];
newTri = Del aunayTriangul ation[ newData ];
newEdgePoi nters = Thread[Li st ee#] &/@newlri // Flatten[#, 1] &;
newEdgePoi nters = Uni on[Sort /@newEdgePoi nters];
newRequi r edDTedges =

Extract [newEdgePoi nters, Position[functionAl pha[al f = newPoi nt Set Di aneter /2.01, newData, #] &/@newEdgePoi nters, 1]1;
Show[ newDat aPl ot, out er nost Poi nt sPl ot, G aphi cs[G aphi csConpl ex [ newDat a, Li ne[newRequi redDTedges]], PlotRange » All ]11;
Labeled[ %, Style[StringForm[ "Figure "1°. Single Prediction Sanple with Alpha Hull; alpha = "2°", 22, NunberForm[alf, 311,

Font Si ze » 14, FontFamily -» "Sylfaen" 11

Lengt h[ newDat a]

Print [ Coverage = ", 100.0, "%" ]
Lengt h[ predictiveSanpl eData ]
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Figure 22. Single Prediction Sample with Alpha Hull; alpha = 0.686

Coverage = 83.5%

Conclusion.

We have been able to fit a Lineal Basis model to a development data set, and using the combined symbolic, numeric, and graphical

features of Mathematica, confidence regions for the fitted parameters, and mean and single prediction regions have been constructed.
The analytic insight available through the mat hSt ati ca® package [Rose & Smith, 2002] was essential in this process, as also was the
intuitive insight provided by the Mani pul at e[] function.
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Appendix 1.

These two Mani pul ate[]s illustrate dynamically how the logic of functionAl pha[] works. For a given alpha value,

functi onAl pha[ a, poi nts, {e,, e,}] decides whether the edge {e4, e,} in the Delaunay Triangulation of the given point set is part of
the alpha hull. The test is as follows. Two circles of radius « are constructed, with centres on the orthogonal bisector of the edge with

endpoints {e;, e,}, and passing through e;and e,. If it is then the case that one of the circles contains other points in the point set but
the other does not, then the edge is part of the alpha hull. If both circles are empty, or both contain other points, the edge is not part of
the alpha hull. A hint that this logic might produce some sort of generalisation of the convex hull is that, if « is set at a very large value
compared with the scale (e.g, the diameter) of the point set, locally the circles associated with each edge will be almost coincident with
the edge, and in the limit as « approaches oo will become infinite extensions of the edge. In that case, the test amounts to determining
whether there are other points of the points set on both sides of the edge or only on one side, and it is obvious that only those edges in
the convex hull will pass the "only-on-one-side" test.

If alpha is less than the half-length of an edge, the centres of its two circles coincide at the edge midpoint, so the two circles also
coincide. The two circles separate into an "inner" and an "outer" circles just as alpha equals the edge half-length.

In this first animation, we only show the circles—and their centres—associated with the three sides of the red-blue-black triangle. We
have set the starting value of the manipulable variable, alpha, at the value of the radius of the circumcircle of the red-blue-black
triangle, so at first we see only one circle, since at that value of alpha the three "inner" circles coincide; they are all circumcircles. The
three "outer" circles are shown with reduced opacity.

If alpha is taken to zero all the circles disappear, but as alpha is increased slowly it is apparent that at first all the circles are empty. It is
only when alpha reaches the value of the circumcircle radius that each of the three "inner" circles pass through the three vertices of the
triangle, and the centres of the "inner" circles coincide. For slightly larger alpha values all three edges belong to the current alpha hull,
as each "inner" circle now contains a vertex other than its edge endpoints, while the each paler "outer" circle does not.

In[224]:= poi ntsPl ot =
ListPlot [ points = {pl, p2, p3, p4} = {{2.256, 3.571}, {1.985, 4.444}, (3.711, 6.689}, {7.765, 6.564}},
Axes - Fal se, Franme -» True, AspectRatio- Autonatic ];

In[225]:= ccrl = circunCircleRadius[ {pl, p2, p3}]

out[225]= 2. 10538

In[226]:= ccr2 = circunCrcl eRadius[ {pl, p3, p4}]

out[226]= 3.41184
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In[227]:= quadrilateral = Graphics[Flatten[Transpose[ {{{Thi ckness[0.005], Red}, Blue, Purple, Geen},
Map[ Line, Partition[points~Join~{First[points]1}, 2, 111}1, 211;
edges = Partition[points~Join~{First[points]}, 2, 11;
Mani pul ate[

[sol 12 =Solve[ {Total [ ({x, y} - points[1])?] ==al pha?, Total [ ({x, y} - points[2])?] = al pha®} |;

centresl2 =

poi nt s[1] + poi nts[2] poi nts[1] + poi nts[2]
| f [FreeQ[ {X, y} /. sol 12, Conplex], ({x, y} /. sol12, { s }]
2 2

sol 13 = Sol ve[ {Total [ ({x, y} - points[1])?] == al pha®?, Total [ ({x, y} - points[3])?] = al pha®} |;
centresl3 =

poi nt s[1] + poi ntsS[3] points[1l] + poi nt s3]
| f [FreeQ[ {X, y} /. sol 13, Conplex], {x, y} /. sol13, { , }]
2 2

sol 23 = Sol ve[ {Total [ ({x, y} - points[2])?] ==al pha?, Total [ ({x, y} - points[3])?] = al pha?} |;
centres23 =

poi nt s[2] + poi nts[3] poi nts[2] + poi nt s3]
| f [FreeQ[ {X, y} /. sol 23, Conplex], {x, y} /. sol23, { , }]
2 2

sol 34 =Solve[ {Total [ ({x, y} - points[3])?] ==al pha®?, Total [ ({x, y} - points[4])?] = al pha®} |;
centres34 =

poi nt s[3] + poi nts[4] poi nts[3] + poi nts[4]
I f [FreeQ[ {X, y} /. sol 34, Conplex], {X, y} /. sol 34, { , }]
2 2

sol 41 =Sol ve[ {Total [ ({x, y} - points[4])? ] ==al pha®?, Total [ ({x, y} - points[1])?] = al pha®} |;
centres4l = |f [FreeQ[ {X, y} /. sol 41, Conplex], {x, y} /. sol4l,

poi nt s[4] + poi nts[1] poi nts[4] + poi nts[1]
s }] Show[ poi ntsPlot, quadrilateral,
2 2

Graphi cs[ {Thi ckness[0.005], Line[ {points[1l], points[3]}1} 1,
centreDots =G aphics[ {PointSize[0.02],
Transpose[ {{Red, Black, Blue}, Mp[ Point, {centresl2, centresl3, centres23}1}1}1,
Graphics|[ {{
{Red, Opacity[0.3], Circle[centresl2[l], alphal},
{Red, Opacity[1.0], CGrcle[centresl12[2], alphal},
{Bl ack, Opacity[0.3], Crcle[centresl13[l], alphal},
{Bl ack, Opacity[1.0], Crcle[centresl3[2], alphal},
{Blue, Opacity[0.3], Crcle[centres23[1l], alphal},
{Blue, Opacity[1.0], Crcle[centres23[2], alphal} (=,
{Purple, Opacity[0.3],Circle[ centres34[2], al pha ]},
{Purple, Opacity[1.0],Circle[ centres34[1l], al pha ]},
{Green, Opacity[0.3],Circle[ centres4l[l], alpha ]},
{Geen, Opacity[l.0],Circle[ centres4l[2], al pha ]} =)

}} 1, PlotRange -» {{0, 10}, {1, 10}}, InageSize -»500]

, {tal pha, ccri}, 0.05, 2.5, 0.01)]
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alpha

()

10

Out[229]=

In this second animation, we start with alpha at the value of the circumcircle of the red-blue-black triangle, and as alpha is increased to
around 3.13 the two centres of the green circles appear (the centres of the purple circles appeared earlier). Further increase of alpha
show the centre of the black "inner" circle moving toward a second coincidence with the centres of the purple and green circles. At the
point of coincidence, alpha equals the circumcircle radius of the black-purple-green triangle, and an increase in alpha at that point
means that both of the black circles now contain other points in the set, so the black edge is no longer in the alpha hull, while the purple
and green circle pairs now each fulfill the criterion. The alpha hull then consists of the red, blue, purple, and green edges.

This same process of growth of the alpha hull continues as alpha increases until, as noted above the alpha hull becomes the standard
convex hull for values above the half-length of the longest edge in the convex hull.
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In[230]:= quadrilateral = Graphics[Flatten[Transpose[ {{{Thi ckness[0.005], Red}, Blue, Purple, Geen},
Map[ Line, Partition[points~Join~{First[points]1}, 2, 111}1, 211;
edges = Partition[points~Join~{First[points]}, 2, 11;
Mani pul ate[

[sol 12 =Solve[ {Total [ ({x, y} - points[1])?] ==al pha?, Total [ ({x, y} - points[2])?] = al pha®} |;

centresl2 =

poi nt s[1] + poi nts[2] poi nts[1] + poi nts[2]
| f [FreeQ[ {X, y} /. sol 12, Conplex], ({x, y} /. sol12, { s }]
2 2

sol 13 = Sol ve[ {Total [ ({x, y} - points[1])?] == al pha®?, Total [ ({x, y} - points[3])?] = al pha®} |;
centresl3 =

poi nt s[1] + poi ntsS[3] points[1l] + poi nt s3]
| f [FreeQ[ {X, y} /. sol 13, Conplex], {x, y} /. sol13, { , }]
2 2

sol 23 = Sol ve[ {Total [ ({x, y} - points[2])?] ==al pha?, Total [ ({x, y} - points[3])?] = al pha?} |;
centres23 =

poi nt s[2] + poi nts[3] poi nts[2] + poi nt s3]
| f [FreeQ[ {X, y} /. sol 23, Conplex], {x, y} /. sol23, { , }]
2 2

sol 34 =Solve[ {Total [ ({x, y} - points[3])?] ==al pha®?, Total [ ({x, y} - points[4])?] = al pha®} |;
centres34 =

poi nt s[3] + poi nts[4] poi nts[3] + poi nts[4]
I f [FreeQ[ {X, y} /. sol 34, Conplex], {X, y} /. sol 34, { , }]
2 2

sol 41 =Sol ve[ {Total [ ({x, y} - points[4])? ] ==al pha®?, Total [ ({x, y} - points[1])?] = al pha®} |;
centres4l = |f [FreeQ[ {X, y} /. sol 41, Conplex], {x, y} /. sol4l,

poi nt s[4] + poi nts[1] poi nts[4] + poi nts[1]
s }] Show[ poi ntsPlot, quadrilateral,
2 2

Graphi cs[ {Thi ckness[0.005], Line[ {points[1l], points[3]}1} 1,
centreDots =G aphics[ {PointSize[0.02], Transpose[ {{Red, Black, Blue, Purple, Geen},
Map[ Point, {centresl2, centresl13, centres23, centres34, centres4l}1}1}1,

Graphics|[ {{

{Red, Opacity[0.3], Circle[centresl2[l], alphal},

{Red, Opacity[1.0], CGrcle[centresl12[2], alphal},

{Bl ack, Opacity[0.3], Crcle[centresl13[l], alphal},

{Bl ack, Opacity[1.0], Crcle[centresl3[2], alphal},

{Blue, Opacity[0.3], Crcle[centres23[1l], alphal},

{Blue, Opacity[1.0], Crcle[centres23[2], alphal} ,

{Purple, Opacity[0.3], Crcle[centres34[2], alphal},

{Purple, Opacity[1.0], Crcle[centres34[1l], alphal},

{Green, Opacity[0.3], Circle[centres4l[l], alphal},

{Geen, Opacity[l.0], Circle[centres4l[2], alphal}

}} 1, PlotRange -» {{0, 10}, {1, 10}}, InageSize -»500]

, {{al pha, ccrl}, ccrl, 1.1xccr2, O. 01}]
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